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Abstract. If 0 ≤ n ≤ ∞ and R ⊆ T are (commutative unital) rings, then

(R, T ) is called an n-dimensional pair if each intermediate ring A (that is,

each ring A such that R ⊆ A ⊆ T ) has Krull dimension n. If 1 ≤ n ≤ ∞,

examples are given of n-dimensional pairs that are not integral extensions,

including an infinite family of n-dimensional pairs that are neither LO-pairs

nor INC-pairs. The n-dimensional pair property transfers well in construc-

tions involving pullbacks or passage to the associated reduced rings, but this

property is not stable under passage to factor domains. Special attention is

paid to the n-dimensional pairs whose first coordinate is a Jaffard domain or

a residually Jaffard ring. Also, examples are given of ∞-dimensional pairs

whose intermediate rings have prime ideal chains of arbitrarily large cardi-

nality; and of a family of n-dimensional pairs arising from minimal overrings.

1. Introduction

All rings considered in this note are commutative with 1 6= 0, and all subrings
are unital. If A is a ring, the set of prime (resp., minimal; resp., maximal) prime
ideals of A is denoted by Spec(A) (resp., Min(A); resp., Max(A)); and the (Krull)
dimension of A is denoted by dim(A). If P is a ring-theoretic property and R ⊆ T

are rings, then (R, T ) is called a P-pair if A satisfies P for each intermediate ring
A (that is, for each ring A such that R ⊆ A ⊆ T ). Special attention will be paid
to the LO-pairs and the INC-pairs. (Following [16, page 28], we let LO, INC

2000 Mathematics Subject Classification. Primary 13B02, 13A15, 13C15. Secondary 13G05,

13B21.
Key words and phrases. n-dimensional pair, LO-pair, INC-pair, integral extension, Jaffard

domain, residually Jaffard ring, overring.

635



636 CHATHAM AND DOBBS

and GU denote the lying-over, incomparability and going-up properties, respec-
tively, of ring extensions.) It is known (see [7, page 70], [1, Theorem 2.3] and
[13, Theorem 6.5.6]) that for a ring extension R ⊆ T , we have that (R, T ) is an
INC-pair if and only if (R, T ) is a residually algebraic pair (i.e., if and only if
R/(P ∩R) ⊆ A/P is algebraic for every prime ideal P of every intermediate ring
A). For more background on INC-pairs, the reader is directed to [1] and [13];
for more background on LO-pairs, see [9]. These types of pairs are significant, in
part, because of the Folklore Theorem [9, page 454]: a ring extension R ⊆ T is
integral if and only if (R, T ) is both an INC-pair and an LO-pair. Since the part-
ners of any integral extension have the same dimension (cf. [16, Theorem 48]),
any integral extension R ⊆ T gives rise to an n-dimensional pair, in the sense of
the following definition. If 0 ≤ n ≤ ∞ and R ⊆ T are rings, then (R, T ) is called
an n-dimensional pair if dim(A) = n for all rings A such that R ⊆ A ⊆ T (i.e.,
if dim(A) = dim(R) for all intermediate rings A, with n := dim(R)). Much of
our focus will be on producing examples of n-dimensional pairs that fail to have
one or both of the LO-pair and INC-pair properties. There is no need to consider
further the case n = 0, as it follows easily from the Folklore Theorem that any
0-dimensional pair is integral (cf. [16, Exercise 1, page 41]). Also, since it follows
from the Krull-Akizuki Theorem that (R, T ) is a 1-dimensional pair whenever T

is an overring of a one-dimensional Noetherian integral domain R other than the
quotient field of R, we pay special attention to the n-dimensional pairs whose first
coordinate is a Jaffard domain or a residually Jaffard ring.

Before giving a summary of our results, we devote this paragraph to additional
background. Let R be a(n integral) domain. We let qf(R) denote the quotient
field of R. As in [14], an overring of R is any ring T such that R ⊆ T ⊆ qf(R).
The valuative dimension of R is defined as dimv(R) := sup{dim(V ) | V is a
valuation overring of R}. In general, dim(R) ≤ dimv(R). A finite-dimensional
domain R is called a Jaffard domain if dim(R) = dimv(R); and a ring R is called
residually Jaffard if R/P is a Jaffard domain for all P ∈ Spec(R). Each residually
Jaffard domain is (obviously) a Jaffard domain, but the converse is false. Any
finite-dimensional Noetherian ring is a residually Jaffard ring.

Since dim(A) ≥ dim(R) for any intermediate ring A of any LO-pair (R, T ) [9,
Corollary 3.11], it follows that if T is an overring of a Jaffard domain R such that
(R, T ) is an LO-pair, then (R, T ) is an n-dimensional pair. A generalization of
this fact is given in Proposition 2.1 which, for Jaffard domains R, characterizes
the n-dimensional pairs of domains (R, T ) that are also LO-pairs. Proposition 2.2
does the analogue for the finite-dimensional residually Jaffard rings R, via tran-
scendence degree conditions in the spirit of [5]. In the case of one-dimensional
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such rings R, Proposition 2.5 shows that these pairs arise only from integral ex-
tensions (and, hence, must be INC-pairs). However, in general, an n-dimensional
pair that is an LO-pair (resp., an INC-pair) need not be an INC-pair (resp., an
LO-pair): see Examples 2.3 and 2.4 (resp., the comment following the proof of
Proposition 2.6). Moreover, there exist n-dimensional pairs which are neither
LO-pairs nor INC-pairs. For n = 2, see Example 2.8 for such an example, which
features an analysis of a particular Jaffard domain pair constructed by Ben Nasr
[2]. For 3 ≤ n < ∞, one then applies a transfer result involving pullbacks (see
Example 2.9 and the second paragraph following its proof). While the class of
n-dimensional pairs behaves similarly to the classes of LO-pairs, of INC-pairs, and
of integral pairs with respect to transfer in constructions arising from pullbacks
and in the passage to the associated reduced rings (see Proposition 2.10), further
analysis of the construction of Ben Nasr shows that, unlike the more familiar
classes, the class of n-dimensional pairs of domains is not stable under formation
of factor domains. For additional results on n-dimensional pairs concerning Jaf-
fard domains or maximal non-Jaffard subrings of a field (in the sense of [3]), see
Propositions 2.11 and 2.16.

Many of the results in this paper are restricted to pairs of finite-dimensional
rings. However, the diverse nature of ∞-dimensional pairs is apparent from sev-
eral examples which can be found in [15, Example 3.2, Theorem 4.4, Corollary
4.5, and Corollary 4.7]; in fact, these give instances of rings R for which (R, T )
is an ∞-dimensional pair for any extension ring T of R. Proposition 2.13 and
Examples 2.14 and 2.15 present new examples of ∞-dimensional pairs; those in
Examples 2.14 and 2.15 are non-integral pairs featuring arbitrarily large chains
of prime ideals in all the intermediate rings. The final result of the paper indi-
cates how a certain type of minimal overring (in the sense of [11], [18]) leads to a
non-integral n-dimensional pair.

In addition to the above notation and conventions, we let ⊂ denote proper in-
clusion; and for domains A ⊆ B, we let t.d.A(B) denote the transcendence degree
of qf(B) over qf(A). If A is a ring, then Nil(A) denotes the nilradical of A; and
Ared := A/Nil(A), the associated reduced ring of A. Any unexplained material is
standard, as in [13], [14], [16].

2. Results

We begin with some transcendence degree criteria for n-dimensional pairs.
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Proposition 2.1. Let R ⊆ T be domains such that R is a Jaffard domain and
(R, T ) is an LO-pair. Then (R, T ) is an n-dimensional pair ⇐⇒ R ⊆ T is an
algebraic extension.

Proof. Let n := dim(R). Since (R, T ) is an LO-pair, [9, Corollary 3.1] ensures
that dim(A) ≥ n for all rings A such that R ⊆ A ⊆ T . Thus, (R, T ) is an
n-dimensional pair if and only if dim(A) ≤ n for all such A. It now suffices to
observe, by [6, Proposition 2.2], that dim(A) ≤ n for all intermediate rings A if
and only if t.d.R(T ) = 0, i.e., if and only if T is algebraic over R. £

We next give an analogue of the above result for rings with zero-divisors.

Proposition 2.2. Let (R, T ) be an LO-pair of rings such that R is residually
Jaffard and n := dim(R) < ∞. Then (R, T ) is an n-dimensional pair ⇐⇒
t.d.R/(P∩R)(T/P ) = 0 for all P ∈ Min(T ).

Proof. As in the preceding proof, an appeal to [9, Corollary 3.11] yields that
(R, T ) is an n-dimensional pair if and only if dim(A) ≤ n for all rings A such
that R ⊆ A ⊆ T . The proof is completed by observing, via [6, Proposition 2.5],
that dim(A) ≤ n for all such A if and only if t.d.R/(P∩R)(T/P ) = 0 for all P ∈
Min(T ). £

The next two results summarize some known examples which can be interpreted
to imply that an n-dimensional pair need not be an INC-pair.

Example 2.3. Let F be a field and F (X) + M be an ∞-dimensional valuation
domain with maximal ideal M . Then (F + M, F [X] + M) is an ∞-dimensional
LO-pair which is not integral (i.e., which is not an INC-pair).

Proof. Nearly everything is accomplished by [9, Remark 3.12 (a)]. It remains
only to verify the following part of the assertion: if B is a ring such that F +M ⊂
B ⊂ F [X] + M , then dim(B) = ∞. As dim(F [X] + M) = ∞, it suffices to show
that F [X] + M is integral over B. Hence, by [9, Theorem 4.1], we need only
prove B is not a field, and this, in turn, holds since M is a nonzero proper ideal
of B. £

Example 2.4. (Debremaeker and Van Lierde [8]) Let K be a field, let X and Y be
algebraically independent over K, and set R := K[X, XY, XY 2, . . . , XY n, . . . ].
Then (R, T ) is a 2-dimensional LO-pair which is not integral (i.e., which is not
an INC-pair).

The (at least) two-dimensionality of the preceding example is unavoidable, as
we next obtain different behavior in the one-dimensional case.
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Proposition 2.5. Let (R, T ) be a 1-dimensional LO-pair of rings with R resid-
ually Jaffard. Then R ⊆ T is an integral extension (and, hence, both an LO-pair
and an INC-pair).

Proof. By Proposition 2.2, t.d.R/P∩R(T/P ) = 0 for all minimal primes P of
T . On the other hand, since (R, T ) is an LO-pair, [9, Corollary 3.9(a)] yields
that t.d.R/P∩R(T/P ) = 0 for all maximal primes P of T . Since dim(T ) = 1,
we conclude that t.d.R/P∩R(T/P ) = 0 for all prime ideals P of T ; i.e., R ⊆ T

is residually algebraic. By similar reasoning, R ⊆ A is residually algebraic for
each intermediate ring A. Thus, (R, T ) is a residually algebraic pair and, hence,
an INC-pair. Since (R, T ) is an LO-pair by assumption, an application of the
Folklore Theorem completes the proof. £

One cannot delete “LO” from the hypotheses of Proposition 2.5. To see this,
consider a ring extension such as Z ⊆ Z2Z, and apply the Krull-Akizuki Theorem.
Indeed, according to one version of the Krull-Akizuki Theorem (cf. [16, Theorem
93]), if R is a one-dimensional Noetherian domain and T is any overring of R

other than qf(R), then (R, T ) is a 1-dimensional pair. For the special case in
which R is a principal ideal domain (and, hence, a QR-domain), it is easy to
see that R 6= T implies that (R, T ) is not an LO-pair. We proceed to generalize
these comments by replacing “Noetherian” with “Jaffard”. This will produce new
examples of 1-dimensional pairs of domains which are not LO-pairs: see also the
next Proposition and the comment which follows its proof.

Proposition 2.6. Let R be a one-dimensional Jaffard domain and T an overring
of R which is strictly contained in qf(R). Then (R, T ) is a 1-dimensional pair.

Proof. It suffices to prove that dim(A) = 1 for each ring A such that R ⊆ A ⊆ T .
Note that dim(A) ≤ dimv(R) = dim(R) = 1 (cf. [13, Theorem 6.7.2 (1)]). As A

is a domain but not a field, we also have dim(A) ≥ 1. Thus, dim(A) = 1. £

In the preceding Proposition, the 1-dimensional pair (R, T ) is an INC-pair but
need not be an LO-pair, even if R is Noetherian. For example, take R := Z and
T := ZpZ, for any prime number p.

The above material leads naturally to the question whether there exists an
n-dimensional pair which is neither an INC-pair nor an LO-pair. We proceed to
give an affirmative answer: see Example 2.8 for the case n = 2 and then apply
Proposition 2.9 to handle the case 3 ≤ n < ∞. The first step is to isolate (in
Example 2.7) some of the properties of a Jaffard domain pair that was constructed
by Ben Nasr.
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Example 2.7. (Ben Nasr [2, Example 3.4]) Let S be a two-dimensional Prüfer
domain with a height 1 maximal ideal M . Consider a subfield D of the residue
field F := S/M such that t.d.D(F ) = 1. (For instance, S = V1 ∩ V2, where
V1 := K(X)[Y ](Y ), V2 := K(Y ) + XK(Y )[X](X), and D := K). Let ϕ : S → F

be the canonical surjection and R := ϕ−1(D). Then (R, S) is a 2-dimensional
pair.

Example 2.8. The 2-dimensional pair (R, S) in Example 2.7 is neither an INC-
pair nor an LO-pair.

Proof. According to [2, Example 3.4], (R, S) is not a residually algebraic pair,
and so (R, S) is not an INC-pair. It remains to show that (R, S) is not an LO-
pair. Since LO-pairs are GU-pairs [9, Corollary 3.2], it suffices to find a ring
T such that R ⊆ T ⊆ S and T ⊂ S does not satisfy GU. Using the notation
in Example 2.7, choose any element W ∈ F that is transcendental over D, and
consider T := ϕ−1(D[W ]). Choose any nonzero prime ideal P of D[W ]. Consider
the inclusion of prime ideals M = ϕ−1(0) ⊂ ϕ−1(P ) =: Q of T . As M ∈ Max(S)
and M ∩T = M , there is no prime ideal of S that contains M and meets T in Q.
It follows that T ⊂ S does not satisfy GU, to complete the proof. £

Another consequence of the construction in Example 2.7 is that the class of
dimensional pairs of domains is not closed under the formation of factor domains.
More precisely, if (A, B) is an n-dimensional pair of domains and J ∈ Spec(B) with
I := J ∩A, then the pair of domains (A/I, B/J) need not be a k-dimensional pair
for any k. (This behavior of dimensional pairs of domains should be contrasted
with that of the classes of LO-pairs, of INC-pairs, and of integral (extension)
pairs, each of which is stable under the formation of factor domains (cf. [9,
Lemma 3.1 (b)]).) For a proof (with n = 2), using the notation of Example
2.7, take (A, B) := (R, S) and J := M . Then (A/I, B/J) = (D, F ) is not a
dimensional pair since the one-dimensional ring D[W ] is intermediate between
the (zero-dimensional) fields D and F .

We can generate the promised higher-dimensional examples with the following
result. The context of Proposition 2.9 arises naturally as an analogue of that of
Example 2.3.

Proposition 2.9. Let V be a finite-dimensional valuation domain of the form
F + M , where F is a field and M is the maximal ideal of V . Let R ⊆ T be
subrings of F . Let n := dim(R) and m := dim(V ) < ∞. Then (R+M, T +M) is
an (n+m)-dimensional pair ⇐⇒ (R, T ) is an n-dimensional pair. Furthermore,
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(R + M, T + M) is an INC-pair (resp., an LO-pair) if and only if (R, T ) is an
INC-pair (resp., an LO-pair).

Proof. If M = 0, all the assertions are trivial, and so we assume henceforth that
M 6= 0. The “LO-pair” part of the “Furthermore” assertion was established in [9,
Lemma 2.11 (a)] by using the well known characterizations of the rings interme-
diate between two classical D + M constructions and of the prime ideals of such
rings. The “INC-pair” part of the “Furthermore” assertion may be established
in a similar way. For an alternate proof of the “Furthermore” assertion that uses
more general pullback-theoretic ideas, one can appeal to [4, Proposition 6], which
applies here since R + M and T + M share the nonzero ideal M .

Suppose next that (R, T ) is an n-dimensional pair. If S is any ring such
that R + M ⊆ S ⊆ T + M , then S = A + M for some ring A such that
R ⊆ A ⊆ T . By the theory of the classical D + M construction [14, Appen-
dix 2], dim(A + M) = dim(A) + dim(V ) = n + m. Hence, (R + M, T + M) is an
(n + m)-dimensional pair. (Notice that the proof of this implication did not use
the hypothesis that V is finite-dimensional.)

Finally, suppose that (R + M, T + M) is an (n + m)-dimensional pair. Let A

be any ring such that R ⊆ A ⊆ T . As R + M ⊆ A + M ⊆ T + M , it follows that
dim(A+M) = n+m. But dim(A+M) = dim(A)+dim(V ) = dim(A)+m. Since
m < ∞, we can conclude that dim(A) = n, and so (R, T ) is an n-dimensional
pair, to complete the proof. £

Proposition 2.9 also has the following consequence. For each integer n ≥ 2,
there exists an n-dimensional LO-pair of domains which is not integral (i.e, which
is not an INC-pair). Indeed, the case n = 2 is handled by Example 2.4, and then
the case n > 2 follows via Proposition 2.9.

Although our main purpose for Proposition 2.9 is to obtain higher-dimensional
examples, it is interesting to note that there are more general pullback-theoretic
versions of its first assertion. One such states the following. Let (V, M) be a
quasilocal ring of (Krull) dimension m < ∞, put F := V/M , let ϕ : V → F

be the canonical surjection, let D ⊆ E be subrings of F , put R := ϕ−1(D) and
T := ϕ−1(E), and let n := dim(D). Then (R, T ) is an (n + m)-dimensional
pair ⇐⇒ (D, E) is an n-dimensional pair. The proof has the same tempo
as the proof of the corresponding part of Proposition 2.9, with the pivotal step
“dim(A + M) = dim(A) + dim(V )” of the latter being replaced by an appeal to
[12, Proposition 2.1 (5)].

In contrast to the comment following the proof of Example 2.8, we pause to
record one way in which the behavior of the class of n-dimensional pairs resembles
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that of the more familiar classes. Consider a ring extension R ⊆ T . The ring
Rred can be viewed canonically as a subring of Tred since Nil(T ) ∩ R = Nil(R).
According to [5, Proposition 1.15], (R, T ) is an LO-pair if and only if (Rred, Tred)
is an LO-pair. Also, according to [5, Proposition 1.15], (R, T ) is an INC-pair if
and only if (Rred, Tred) is an INC-pair. Therefore, an application of the Folklore
Theorem yields that R ⊆ T is an integral extension if and only if Rred ⊆ Tred is
an integral extension; that is, (R, T ) is an integral pair if and only if (Rred, Tred)
is an integral pair. We provide another proof of this fact in part (b) of the next
result, while part (a) of that result establishes similar behavior for the class of
n-dimensional pairs.

Proposition 2.10. Let R ⊆ T be a ring extension. Then:
(a) (R, T ) is an n-dimensional pair ⇐⇒ (Rred, Tred) is an n-dimensional

pair.
(b) R ⊆ T is an integral extension ⇐⇒ Rred ⊆ Tred is an integral extension.

Proof. (a) (This proof is similar to that of [5, Proposition 1.12].) As above, we
may view Rred as a subring of Tred. For the “⇒” direction, let A be any ring such
that Rred ⊆ A ⊆ Tred. We can write A = S/Nil(T ) for a uniquely determined ring
S such that R+ Nil(T ) ⊆ S ⊆ T . Since (R, T ) is assumed to be an n-dimensional
pair, we have dim(S) = n. Therefore, the proof of the “⇒” direction concludes
by noting that dim(S) = dim(S/Nil(T )) = dim(A). For the converse, let S be
any ring such that R ⊆ S ⊆ T . Then Sred := S/Nil(S) ∼= (S+ Nil(T ))/Nil(T )
satisfies Rred ⊆ Sred ⊆ Tred canonically. Since (Rred, Tred) is assumed to be an
n-dimensional pair, we have n = dim(Sred) = dim(S), as desired.

(b) One proof of this assertion was given above. We next give a second proof
of it. By combining the reasoning in the proof of (a) with a well known result on
pullbacks [12, Corollary 1.5 (5)], we see that Rred ⊆ Tred is an integral extension if
and only if R+ Nil(T ) ⊆ T is an integral extension. However, the latter condition
is easily seen to be equivalent to R ⊆ T being an integral extension, since each
element of Nil(T ) is integral over R. £

When seeking n-dimensional pairs that are not integral, we can, as a result of
Proposition 2.10, restrict our attention to reduced rings.

Our earlier results concerning Jaffard (or residually Jaffard) domains involved
additional hypotheses of either LO-pairs or Krull dimension at most 2. The next
result avoids these extra assumptions. It gives an extension of the result [13,
Theorem 6.7.2(2)] that for R ⊆ T an integral extension of domains, R is a Jaffard
domain if and only if T is a Jaffard domain.
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Proposition 2.11. Let (R, T ) be an n-dimensional pair of domains with n < ∞.
Then (R, T ) is a Jaffard domain pair if and only if R is a Jaffard domain.

Proof. The “only if” assertion is trivial. Conversely, suppose that (R, T ) is
an n-dimensional pair of domains with n < ∞ and R a Jaffard domain. By [6,
Proposition 2.2], t.d.R(T ) = 0. Therefore, by [6, Proposition 2.3], dimv(A) ≤ n

for each intermediate domain A. But dimv(A) ≥ dim(A) = n. Thus, for each
intermediate domain A, we have dimv(A) = n = dim(A) < ∞; i.e., A is a Jaffard
domain. Hence, (R, T ) is a Jaffard domain pair. £

Proposition 2.12 stands in contrast to Examples 2.3 and 2.4, by developing a
family of examples of INC-pairs which are not n-dimensional pairs. For perhaps
the most familiar illustration of Proposition 2.12, consider any finite-dimensional
valuation domain R and take T to be any proper overring of R.

Proposition 2.12. Let (R, T ) be an INC-pair of domains such that R is quasilo-
cal and integrally closed in T . If dim(R) < ∞ and R 6= T , then (R, T ) is not an
n-dimensional pair.

Proof. Deny; i.e., suppose that (R, T ) is an n-dimensional pair. In particular,
dim(R) = dim(T ). Then, by [1, Corollary 3.6] (which applies since (R, T ) is
a residually algebraic pair), the set of rings intermediate between R and T has
cardinality dim(R)− dim(T ) + 1 = 1. Hence, R = T , the desired contradiction.

£

We turn next to ∞-dimensional pairs. They behave somewhat differently than
n-dimensional pairs for finite n. For instance, the “⇒” direction of the first
equivalence in Proposition 2.9 would fail if m = ∞. (To see this, just consider
any example that satisfies the hypotheses of Proposition 2.9 and features rings
R ⊂ T such that dim(R) 6= dim(T ).) There is a wide variety of ∞-dimensional
pairs. For instance, the Introduction recalled several examples from [15] of rings
R for which (R, T ) is an ∞-dimensional pair for each extension ring T of R. The
next three results present additional examples of ∞-dimensional pairs.

Proposition 2.13. Let (R, T ) is an LO-pair of rings. Then (R, T ) is an ∞-
dimensional pair ⇐⇒ dim(R) = ∞.

Proof. This is an easy consequence of the fact that LO-pairs are GU-pairs [9,
Corollary 3.2]. £

Using methods from [10], we next present two examples of (non-integral) ∞-
dimensional pairs in which the intermediate rings have prime ideal chains of arbi-
trarily large infinite cardinality. In the first (resp., second) example, the maximum
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cardinality of such a chain is (resp., is not) the same for each of the intermediate
rings. In these two results, we assume (as [10] does) the Generalized Continuum
Hypothesis (GCH) and, hence, the Axiom of Choice.

Example 2.14. Let I be an infinite set, let {Yi}i∈I be a set of algebraically
independent indeterminates over Q, suppose that X is an indeterminate over
Q which is algebraically independent of {Yi}, and put R := Z[2X, {Yi}i∈I ] and
T := Q[X, {Yi}i∈I ]. Then (R, T ) is an∞-dimensional pair with R 6= T where each
intermediate ring has a prime ideal chain of cardinality 2|I| but no intermediate
ring has a prime ideal chain of cardinality greater than 2|I|.

Proof. Since X ∈ T \ R, it is clear that R 6= T . The fact that each intermedi-
ate ring has a prime ideal chain of cardinality 2|I| can be established as follows.
First, use the GCH to construct a chain of cardinality 2|I| consisting of subsets
of {X} ∪ {Yi | i ∈ I} [10, Proposition 2.7]. Next, as in [10, Remark 2.8 (a)], use
a degree argument to show that the corresponding ideals of T form a prime ideal
chain of cardinality 2|I| (with any two distinct subsets in the chain generating
distinct ideals). Finally, use a degree argument to show that distinct members
of the latter chain meet R (and, hence, meet any intermediate ring) in distinct
prime ideals. Therefore, (R, T ) is an ∞-dimensional pair.

It remains to show that no intermediate ring has a prime ideal chain of car-
dinality greater than 2|I|. This, in turn, holds, as the usual arithmetic of in-
finite cardinal numbers (that follows from the Axiom of Choice) ensures that
|T | = |I|. £

Example 2.15. Let K be a field, let I and J be disjoint infinite sets such that
|I| < |J |, and put R := K[{Xi}i∈I , {Yj}j∈J ] and T := K({Yj}j∈J)[{Xi}i∈I ],
where {Xi}i∈I ∪{Yj}j∈J is a set of algebraically independent indeterminates over
K. Then (R, T ) is an ∞-dimensional pair where R has a prime ideal chain of
greater cardinality than that of any chain of prime ideals in T .

Proof. As in the proof of Example 2.14, the methods of [10] lead to a prime
ideal chain of K[{Xi}i∈I ] of cardinality 2|I|, each of whose members is generated
by a subset of {Xi}i∈I . Any two distinct members of this chain generate distinct
prime ideals of T . One concludes easily that each ring intermediate between R

and T has a prime ideal chain of cardinality 2|I|. In particular, (R, T ) is an ∞-
dimensional pair. Next, note via [10, Remark 2.8 (a)] that R has a prime ideal
chain of cardinality 2|I∪J| = 2|J|. However, [10, Lemma 2.5] ensures that each
prime ideal chain of T has cardinality at most 2|I|. Since 2|J| > 2|I|, the proof is
complete. £
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We conclude with two miscellaneous results. The first of these gives a sufficient
condition for n-dimensional pairs that involves the maximal non-Jaffard subrings
of a field, a concept which was characterized in [3].

Proposition 2.16. Let R be a maximal non-Jaffard subring of its quotient field.
Let V be a valuation overring of R such that dim(V ) = dimv(R), and let T be
a subring of V that strictly contains R. Then (T, V ) is an n-dimensional pair,
where n := dim(T ).

Proof. It suffices to show that dim(S) = dim(V ) for each ring S such that
T ⊆ S ⊆ V . Since V is a valuation overring of S, we have dimv(S) ≥ dim(V ). But
dimv(S) ≤ dim(V ), since otherwise, dimv(R) ≥ dimv(S) > dim(V ) = dimv(R),
a contradiction. Thus, dimv(S) = dim(V ). But S is a Jaffard domain, by the
maximality of R, and so dim(S) = dimv(S) = dim(V ). £

If R ⊂ T is a ring extension such that no ring S satisfies R ⊂ S ⊂ T , then T is
called a minimal ring extension of R; if, in addition, T is an overring of R, then
T is called a minimal overring of R. It is known that if a domain T is a minimal
ring extension of a ring R, then T is an overring of R [18, page 1738, lines 8–13].
Part (b) of our final result shows how a certain type of minimal overring gives
rise to an n-dimensional pair. For motivation, note that Z[ 12 ] is a non-integral
minimal overring of Z such that (Z[ 12 ] : Z) = 0.

Proposition 2.17. Let T be a minimal ring extension of a ring R. Then:
(a) T is integral over R ⇐⇒ R ⊆ T satisfies LO ⇐⇒ R ⊆ T satisfies GU.
(b) Suppose also that T is a domain, neither R nor T is a field, and (R : T ) = 0.

Then (R, T ) is an n-dimensional pair and T is not integral over R.

Proof. (a) Since T is a minimal ring extension of R, integrality of T over R is
equivalent to T being a finitely generated R-module. Accordingly, it follows by
applying [11, Théorème 2.2 (ii)] to the inclusion map R ↪→ T that T is integral
over R ⇐⇒ R ⊆ T satisfies LO. The equivalence concerning GU now follows
by combining the fact that GU ⇒ LO [16, Theorem 42] and either the fact that
GU-pairs are the same as LO-pairs [9, Corollary 3.2] or the fact that any integral
extension satisfies GU (cf. [16, Theorem 44]).

(b) It follows from the proofs of [17, Proposition 3.1(a), Lemme 3.2 and
Théorème 3.3] (which implicitly assume that T is not a field) that under the
given hypotheses, we have dim(R) = dim(T ). Since T is a minimal ring extension
(in fact, minimal overring) of R, we therefore have that (R, T ) is an n-dimensional
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pair. For the final assertion, it is enough to appeal to the following easy conse-
quence of [11, Proposition 4.1]: any integral minimal ring extension of a nonfield
has a nonzero conductor. £

Note that one cannot delete the hypothesis that T is not a field in part (b)
of Proposition 2.17 (or, for that matter, in the supporting results on minimal
ring extensions that were cited from [17]). For example, consider R := Z2Z and
T := Q.
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