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Abstract
We explore various types of criticality with respect to differentiating-

dominating sets, or identifying codes. Existence and characterization re-
sults are included. We conclude with open problems.
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1 Introduction

Unless otherwise stated, we follow the terminology of [6]. For any of the graph
parameters 7 discussed here, a m-set is an optimal set with the given property.

The open neighbourhood N(v) of a vertex v € Vi is the set of all vertices
adjacent to v. The closed neighbourhood N[v] of v is Nv] = N(v) U {v}. For
S CV,Uyes N(v) is written N(S) and (J, g N[v] is written N[S]. For S C V,
Ng[v] = N[v]NS and Ng(v) = N(v) N S. The complement of S is S = Vg — S.

A set of vertices S C Vi is a dominating set if N[S] = V. That is, S is a
dominating set if every vertex in G is either in S or is adjacent to a vertex in
S. The domination number v(G) is the smallest cardinality of a dominating set
in G.

A set of vertices L = {v1,vs, ...,v;} is said to be locating if the vector
v = (d(v,v1),d(v,v3), ...,d(v,v;)) is unique for each vertex v in the graph. In
other words, any vertex in the graph can be located if its distance from each of
the vertices in the set L is known. This idea of a locating set corresponds to
the use of sonar to find objects underwater. The locating number of a graph G
is defined to be the least number of vertices in a locating set of G.

A dominating set S in a graph G is a locating-dominating set, or an LD-set,
if for any two vertices v and w in Vg — S, Ng(v) # Ng(w). The locating-
domination number v (G) is the minimum cardinality of an LD-set in G. For
further details on vy, see [6].
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If a dominating set S in a graph G is such that for any two vertices v, w € Vg,
Ng[v] # Nglw], we say S is an identifying code or a differentiating-dominating
set. The differentiating-domination number v4(G) is the minimum cardinality
of a differentiating-dominating set if G has such a set, and 74(G) = co otherwise.

Locating-dominating sets were first studied in the context of identifying the
location of fires or intruders in a building while differentiating-dominating sets,
called identifying codes by coding theorists, arose in determining the location
of errors in multiprocessor systems. Identifying codes were introduced in [7]; we
use the notation of [4].

Locating-domination involves three-state devices which can distinguish be-
tween abnormalities which occur at a vertex and those which occur nearby.
Differentiating-dominating sets, on the other hand, rely on more simple two-
state devices. The set of processors in a network can be represented by the
vertices of a graph while the connections between the processors can be rep-
resented by the edges of the graph. A selected subset of the processors can
be used to monitor the system by sending periodic error reports to a central
monitoring location. Each member of the selected subset of processors sends
one of two reports to the central controller: (1) an error has been detected in
the neighbourhood of the processor or (2) no errors have been detected. From
this information, the controller must be able to determine the exact location of
any faulty processor in the system.

An earlier study of related concepts was undertaken by Sumner in [9]. He
defined a graph G to be point-determining if and only if distinct vertices of G
have distinct neighbourhoods. That is, for all v, w € Vg, N(v) # N(w). If G is
point-determining, then G is said to be point-distinguishing. Alternately, G is
point-distinguishing if and only if N[v] # Nw] for all v, w € V.

If N[v] = N[w] for two vertices v, w € Vi, we say v and w are indistinguish-
able. In this case, note that v4(G) = oo. For example, if G is a complete graph
of order at least two, then v4(G) = co. Graphs for which the differentiating-
domination number is finite are said to be distinguishable.

Theorem 1 (Gimbel, et. al. [4] and Karpovsky, et. al. [7]) If G is of order n,
then ~a(G) > [logy(n + 1)].

Theorem 2 ([4]) Let P, be the path on n vertices and let Cy, be the cycle onn
vertices.

(a) Fork > 2, v4(Pay) =k + 1.
(b) For k> 1, vg(Pogt+1) =k + 1.
(c) Fork >3, v4(Cax) = k.

(d) For k>3, v4(Copy1) = k + 2.

By considering the probability of a pair of indistinguishable vertices in a
random graph, it is also shown in [4] that almost every graph is distinguish-
able. Furthermore, if a graph is not distinguishable, it can be embedded in a
distinguishable graph.



Theorem 3 ([4]) If G is a graph of order n, then G embeds as an induced
subgraph in a distinguishable graph of order n + [logyn].

A lower bound on the differentiating-domination number that includes infor-
mation about the order of the graph as well as the cardinality of certain vertex
neighbourhoods is given as Theorem 1.3 in [7]. Let G be a graph of order n
and let V; = |N[v;]| for 1 < i < n. Assume that the V; are indexed such that
VizVe2z- 2V,

Theorem 4 ([7]) Let G be a graph of order n such that n/2 > V;. Let K be the
smallest integer such that for some I with 1 <[ < min(K,V;) the two following
conditions are satisfied:
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Then v4(G) > K.

Let K(G) be the set of cliques in a graph G. The cligue-graph C(G) of G is
defined in [3] as having the elements of K(G) as vertices with two vertices A and
B adjacent if and only if the cliques A and B have a nonempty intersection in
G. A graph G is clique-critical if its clique graph changes whenever any vertex
is removed.

A set L satisfies the Helly property if for any subfamily £’ C £ with S;NS; #
0 for all S;,S; € L', we have N{S: S € L'} #0.

Lim [8] defines a supercompact graph G to be the intersection graph of some
family £ of subsets of a set X such that £ satisfies the Helly property and for
any x # y in X, there exists S € L withz € S,y ¢ S.

Theorem 5 (Lim [8]) A graph G is supercompact if and only if G is distin-
guishable.

From the work of Gimbel and Lim, we see that almost every graph is super-
compact. In particular, Lim shows every clique-critical graph is supercompact
and hence distinguishable.

2 The Differentiating-domination number

Theorem 7 in [4] states that if G is a connected distinguishable graph of order n,
then v4(G) < n—1. This result is correct, but the proof in [4] is incorrect. It is



shown there that if x is a vertex in G such that Vi —{z} is not a differentiating-
dominating set of G, then there are two vertices, y and z, in G such that
zy € Eg, vz ¢ Eg, and N[z] = N[y] — {z}. This is correct, but it is then
concluded that Vg — {y} is necessarily a differentiating-dominating set of G.
This conclusion is incorrect. For example, if G is the path wzyz, then Vg — {z}
is not a differentiating-dominating set of G. There are two vertices, y and z,
in with 2y € Fg, 2z ¢ Eqg, and N[z] = N[y] — {z}, but Vg — {y} is not a
differentiating-dominating set either. Furthermore, if G* = G + K; then none
of Vg — {z}, Vgr — {y}, or Vg« — {z} is a differentiating-dominating set in G*.
It soon becomes clear that the result cannot be proved by a simple interchange
of vertices. We now provide a proof for the theorem based on the following
lemma.

Lemma 6 Suppose G is a distinguishable graph with v4(G) = |Vg| and v is a
vertex with positive degree in G. Then there exists an induced path pqrs in G
such that v =q, N[p| = Nlg] — {r} and N[s] = N[r] — {q}.

Proof. If C = Vg — {v}, then C is not differentiating-dominating, so there
are two vertices r and s such that N[s] # N|[r|, but Ng[s] = N¢[r].

Note that neither r nor s is the vertex v, since Ng[v] = Ng[v'] implies
N(v) = N[v'] — {v}. But this implies N[v] = N[v'] for the vertices v and v/,
which contradicts the fact that G is distinguishable.

Since N{[s] # NJ[r] but N¢[s] = N¢[r], v is adjacent to exactly one of r and
s. Without loss of generality say v is adjacent to r, in which case N¢[s] = N¢[r]
implies

N[s] = Nfr] - {o}. (1)

Similarly, if D = Vg — {r}, then there are two vertices p and ¢, neither of
which is r, such that q is adjacent to r and

Nlp] = Nlg] = {r}. (2)

Now p # v, since v is adjacent to r but p is not.

It now follows from (1) that p is not adjacent to s and hence (2) implies that
¢ is not adjacent to s. Therefore ¢ ¢ NJs], so ¢ € N[r] — N[s]. This implies
q=w.

We have also shown that p is nonadjacent to both r and s, and ¢q is nonad-
jacent to s. Hence pqgrs is an induced path in G with ¢ =v. =

Theorem 7 Let G be a distinguishable graph with at least one edge. Then
'y(i(G) <n-1.

Proof. Suppose, to the contrary, that v4(G) = n. We shall show that
for every integer k > 2 there exist k paths P!,..., P* such that V(P*) ¢

Uf;ll V(P?), thus contradicting the finiteness of G.



Let v be a vertex with positive degree in G. By Lemma 6 there is an induced
path P! :=plg'rls! in G with v = ¢! and

N[p'l = N[¢'] = {r'} (1a)
and
N[s'] = N[r'] - {q'}. (1b)

Now, applying Lemma 6 to the vertex p', we obtain an induced path P? :=
p2q%r?s? with p! = ¢% and

N[p*| = N[¢*] - {r*} (2a)
and
N[s?] = N[r*] - {¢*}. (2b)

Since p! = ¢%, we see p?> € N[p!]. From (1a), N[p'] C N[q'], so p* € N[q'].
Thus, p? is adjacent to p' and is either adjacent to or equal to ¢'. Similarly, 2
is adjacent to p', so

r? € N[g']. (3)

By (2a), p? is neither adjacent nor equal to r%, so p?> # ¢'; hence p? is
adjacent to ¢!, which further implies that r2 # ¢'. Since p? is adjacent to both
p' and ¢', p? is not on the induced path P'.

Furthermore, by (2b) and (3), s? is adjacent to ¢'. Since s? is not adjacent
to pl, it follows from (1) that s = rl.

Thus, by (2b), 72 is adjacent to all vertices in P'. So neither p? nor r? is on
the induced path P!. Thus

p?,r? ¢ V(P') and s* = r!.

This proves the case k = 2.

Now suppose that for some k > 3 we have obtained k—1 paths P',... Pk-1
in G with P" := p"¢"r's" such that
N[p'] = Nlg'] = {r'} (ia)
and
N[s' = N[r'] - {d'} (ib)

fori=1,...,k—1and

i1
Pl ¢ U V(P and ¢/ =p’ ! and s/ =i~}

i=1



forj=2,... ,k—1.

For each of the paths P!,..., P*~1 colour the first two vertices white and
the last two black.

By repeated application of (ia),

Np* ' Nig* ' = N[p* ] c N[¢" ] =--- = N[p'] € N[q'].

Therefore all the white vertices in Uf;ll V(P?) form a clique. By repeated
application of (ib),

N[sl] C N[rl] = N[SQ] C N[TQ] — .= N[Sk—l] c N[rk—l].

Since p*~1 ¢ N[r*~1], this implies p*~! is not adjacent to any black vertex in

k-1 ;
Uizt V().
Now apply Lemma 6 to the vertex p*~! to obtain a path pF¢*r*sk. Since
¢* = p"~! is not adjacent to any black vertices, neither p* nor r* is black.
However, since p”* is not adjacent to ¥, it is not the case that both vertices are

white. Thus at least one of p* or r* is uncoloured and so either p* ¢ Uf;ll V(P?)
or % ¢ JFZ! V(P?). Therefore V(PF) ¢ JFZ] V(PY). m

3 Criticality Concepts

Following [5], for each parameter 7 define the simple finite graph G to be
C1 7-critical if 7(G —v) < 7(G) for all v € Vg,

C2 nt-critical if (G —v) > 7(QG) for all v € Vg,

C3 m-edge-critical if m1(G + e) < 7(G) for all e € Fg,

C4 1t -edge-critical if 7(G + e) > n(G) for all e € Fg,

C5 w-ER-critical if 7(G —uv) > 7(G) for all uv € Eg,

C6 7~ -ER-critical if (G —wv) < w(G) for all wv € Egq.

For each type of criticality with respect to m = 4, we say G is finitely critical
if 4 is finite both before and after the corresponding modification to G. For
example, if G is a graph with v4(G) < 74(G + ) < oo for all e € E, then we
say G is finitely vj—edge—critical.

See [1, 5, 10] for further results and references regarding criticality with
respect to parameters m = {ir,v,i, 3,T', IR}. We provide basic existence results
for the six types of criticality with m = 4.

3.1 ~g4-critical

Any edgeless graph with at least one vertex is 74-critical. The following propo-
sition shows some other easy examples of connected graphs that are ~y4-critical.

Proposition 8 If G = P, Cy4, or Ky, withn > m > 3, then G is yq-critical.

Proof. Deletion of a vertex from P, leaves a singleton. Since v4(Ps) = 00
and v4(K1) = 1, Py is yg-critical.



Deletion of a vertex from Cjy yields Ps. Since v4(Cy) = 3 and v4(P3) = 2,
C}y is ~yg-critical.

For n > m > 2, v4(Kym) = n+m — 2. So for n > m > 3, deletion of a
vertex reduces the differentiating-domination number by one. m

Proposition 9 Odd cycles Co11 are finitely vq-critical for k > 3.

Proof. Deletion of any single vertex from Cagpy1 yields Pay. By Theorem 2,
if £k > 3 then 7d<02k+1) =k+2>k+1= ’yd(ng). |

Proposition 10 If §(G) > 1, v(G) =n — 1, and G — v is distinguishable for
each v € Vg, then G is yq-critical.

Proof. This follows immediately from Theorem 7. m

3.2~ -critical
Proposition 11 There are no fyj—critz'cal graphs.

Proof. Suppose G is a fy;—critical graph of order n. Let C' C Vi be a v4-set
in G. Since G is fyj—critical, such a set C exists.

Suppose there exists a vertex v ¢ C. If v is deleted, then C is differentiating-
dominating in G — v, although C' may no longer be a 74-set. This implies that
deletion of v either reduces the differentiating-domination number or leaves it
unchanged. Therefore, if G is 7] -critical, then v4(G) = n.

By Theorem 7, G is edgeless, so deletion of a vertex reduces the differentiating-
domination number. Thus there are no ’yj—critical graphs. =

Corollary 12 If G is supercompact, then G —wv is supercompact for at least one
v e Vg.

Proof. This follows from Theorem 5 and the proof of Proposition 11. m

3.3 ~4-edge-critical

Adding an edge to an indistinguishable graph may result in a distinguishable
graph. For example, if G = P, U K, then v4(G) = oo, but v4(G + ¢) = 2 for
every e € E(G).

There also exist finitely v4-edge-critical critical graphs.

Proposition 13 Odd cycles of order n > 7 are finitely v4-edge-critical.

Proof. Label the vertices of Coryq as 1,2,--- 2k + 1. By symmetry, we
need consider only the addition of edges {1,2} where z € {3,4,--- ,k + 1}. If
x is even, the set of odd vertices beginning with vertex 3 together with vertex
4 serves to distinguish all vertices in Co11 + {1,2}. If x is odd, then the set of
odd vertices serves to distinguish all vertices. Thus, v4(Cor+1 +€) < k+1 <
k+2=7(Copy1). m

However, not all cycles are v4-edge-critical.



Proposition 14 FEven cycles Coi are not yq-edge-critical for k > 2.

Proof. Note that (4 + e is indistinguishable for all e € E so Cj is not vg4-
edge-critical. Furthermore, by Theorem 1, Cg and Cg are not ~yg4-critical, since
7a(Ce + €) = [log 27| = 3 = 74(Cs) and 74(Cs + €) = [log 29] = 4 = 7a(Cs).

For k > 5, label the vertices of Cyi as 1,2,--- ,2k. By symmetry, we need
consider only the addition of edges {1, x} where z € {3,4,--- ,k+ 1}. Whether
x is even or odd, the set of even vertices in Coy, + {1, z} serves to distinguish all
vertices, so v4(Car + €) < k. We show that v4(Car + €) > k by application of
Theorem 4.

From Theorem 4, suppose K = k — 1. For Cy, + e, note that |N[v]| =4 if v

is incident with e and |N[v]| = 3 otherwise. Thus
K
D Vi=4-243(K—-2)=3K+2=3(k-1)+2=3k— 1.
i=1

Since 1 <1 < min(K,4), we consider each possible value of [.

Case 1. If [ = 1, then the second condition on K and ! in Theorem 4 is not
satisfied since 3k — 1 £ Z}:lj(kj_.l) =k-—1.

Case 2. If [ = 2, then the first condition on K and [ is not satisfied since

-1 -1
2k;§2<kj1>+ % 3klzj<kj1> k1+B(2k)J2k1.
j=1 j=1

Case 3. If [ = 3 then the second condition on K and [ is not satisfied. The left
inequality implies that k — 1 + 2(k;1) < 3k — 1. This implies that 2(k51) < 2k
which is not true for k£ > 5.

Case 4. Similarly, if [ = 4 then the second condition on K and [ implies
k—1+2(*;") +3(";") < 3k — 1. This implies 2(*;") +3(*3") < 2k which is
again not true for k > 5. m

3.4 ~;-edge-critical

There are graphs for which v4(G) < 74(G+e) = oo for all e € Eg. For example,
P3, Cy and mKy, m > 2, have this property.

There are also 'yj—edge—critical graphs for which the increase is finite for
some edges but infinite for others. For example, if G is the graph in Figure 1,
then 74 (G) = 3 and 4 (G + c1c3) = 4, while 4 (G + ¢1¢2) = 0.

If G is a finitely 'y:{—edge—critical graph, then its differentiation-domination
number will be at most |Vg| — 3. In order to prove this, we need the following
lemma.
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Figure 1: A "y;—edge—critical graph.

Lemma 15 Suppose G is a finitely vj;edge—critz'cal graph and C' is a v4-set of
G. Then the subgraph of G induced by C' is a clique.

Proof. Suppose there are two nonadjacent vertices v and w in C. Then C
is clearly a ~y4-set of G + vw, so y4(G + vw) < |C| = 74 (G) . But then G is not
'yj—edge—critical. [ ]

Theorem 16 Suppose G is a connected finitely 'yjl'—edge—cm'tical graph. Then
7a(G) < [Va| = 3.

Proof. It follows from Theorem 7 that v4(G) # |Vg| — 1.

Suppose 74(G) = |Vg| — 2 and that C = Vg — {x1, 22} is a yg4-set of G. By
Lemma 15, 21 and x5 are adjacent. Let B = N(z1) N N(x2) and for ¢ = 1,2,
A; = (N(z;) N C) — B. Either A; or Ay is nonempty, otherwise C' would
not distinguish between 1 and zo. Without loss of generality let y; € Ay =
(N(z1)NC) — N(x2).

Since v4(G) < v4(G + x2y1), there is a vertex y2 such that Nofza] U{y1} =
N¢[yz], else C would be a differentiating-dominating set in G + z2y;. Note that
1y is adjacent to both x5 and y;. The vertex z; is adjacent to both x5 and 1,
so0 if yo € N[z1], then Ng[z2]U{y1} = Ngly2] and G+ zoy; is indistinguishable.
Hence yo € As.

Since N¢[z2] = Ng(z2) — {z1},

(Nelzz] = {x1}) U{y} = Nelyo] U {22},
which implies

Nelza] — {21} = Ngly2] — {1} (1)

Similarly, in G+ 1y, there is a vertex w such that Ng[z1]—{z2} = Nglw]—
{y2}. Since w is adjacent to y» but not to z2, and we have not made any
assumptions on N(y;) other than x1,ys € N(y1) and 2o ¢ N(y1), we may
assume that y; = w. Hence

Nelz1] — {z2} = Ng[y1] — {2} (2)



Let C* = Vi — {x1,y2}. Since z; is not adjacent to yo, it follows from
Lemma 15 that C* is not a y4-set in G. Hence there are two vertices u and v
such that

Ne-[u] = Ne- o] (3)

Note that C* is obtained from C' by interchanging y2 and zo. We consider three
cases.

Case 1. Suppose u,v ¢ {z1,y1}. Let z € No[u].

If z # yo, then z € C* and hence z € Ne«[u] = Ne«[v] by (3). Since z € C
by our assumption, it follows that z € N¢[v].

If z = y then it follows from (1) that xo is a neighbour of u. Since x5 € C*,
it follows from (3) that x5 is a neighbour of v. But then it follows from (1) that
y2 is a neighbour of v. Hence y» € N¢[v]. This proves that Nefu] € Ne[v].
The proof that No[v] € N¢[u] is similar. Hence N¢[u] = Ne[v], contradicting
our assumption that C' is a vy4-set.

Case 2. If u = z1, then Neg«[r1] = Ne«[v] by (3). Note that Ne«[z1] =
Nglz1] — {1}, so (2) and (3) imply that

Ne=[z1] = (Nalyi] = {y2}) U{a2})) — {z1} = (Nelyr] — {ye, 21}) U {22}
= Ng«[y1] U {z2}.

Application of (3) thus implies
Ne=[v] = No=[y1] U {z2}. (4)
If v € C*, then Ng+[v] = Ng[v] — 21, and (4) implies
Ne[v] ={z1} = No«[1] U{z2} = (Nalyi] — {y2, 21}) U {2},

which implies Ng[v] = Nglz1] by (2). However, this contradicts our assumption
that G is distinguishable.

Therefore v & C*, so v = yo. Recall that yo € As, so ys is not adjacent to x;.
Since Ne=[x1] = Ng(x1) and Ne=[y2] = Ng(yz2), (3) implies Ng(z1) = Na(y2)-
Therefore Nt a,y, (1] = Neya,y, [y2], hence vq(G + z1y2) = oo, contradicting
our assumption that G is finitely f{—edge—critical.

Case 3. If u =y, then (3) implies No+[y1] = N~ [v] for some vertex v. Since
No-[y1] = Nalun] — {1, 92} = Na(@) — {22} by (2), No-[v] = No(z1) — {2},
This implies that v is not adjacent to xo. Furthermore, by (1), v is not adjacent
to Y.

If v is not adjacent to x, then by (2) v also is not adjacent to y;. This
contradicts the fact that Ne«[y1] = Ne«[v], so v is adjacent to x1. Therefore
N¢[v] = Ng[z1]—{z2} = Ng[yi1]—{y2}, which implies N vy, [V] = Najoy, [U1)-
Thus v4(G + vya2) = oo, again contradicting our assumption that G is finitely
v -edge-critical. m

10
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Figure 2: Four graphs with n = 6 and ~v4(G) = 3.

Figure 3: Two graphs with n =7 and 74(G) = 3.

Proposition 17 IfG is a connected finitely ’y;'—edge—critical graph, then vq4(G) >
4.

Proof. Suppose to the contrary that G is a connected finitely 'yj—edge—critical
graph of order n with v4(G) < 4. Let C be a v4-set in G.

By Theorem 1, we see that if v4(G) = 1, then n = 1. Furthermore, if
~v4(G) = 2 then either n = 2 or n = 3, and if 74(G) = 3 then 3 < n < 7. By
Theorem 16, v4(G) + 3 < n. Thus, it must be the case that v4(G) = 3 and
eithern=6orn="71.

Note the subgraph induced by C' is either a path of length two or consists
of three isolates and, by Lemma 15, the subgraph induced by C is complete.
Figure 2 shows the four possible graphs for n = 6 and Figure 3 shows the two
possible graphs for n = 7.

None of these six graphs is finitely 'y;r—edge—critical. In Figure 2(a) and
2(c), an edge can be added that leaves the differentiating-domination number
unchanged. In all the other cases, an edge can be added that results in an
indistinguishable graph. m

We now describe a construction of a finitely ’yj—edge—critical graph.

Construction 1 To construct a finitely ’y;—edge—critical graph G of order 11
with v4(G) = 4:

1. Begin with C, a copy of Cy4, and K, a copy of K7.

2. Label the vertices of C as 1,2,3, and 4, and label the vertices of K as
a,b,c,d,e, f, and g.

11



3. Add edges from a to {1,2,3,4}, from b to {1,2}, from ¢ to {1,3}, from d
to {1,4}, from e to {2,3}, from f to {2,4}, and from g to {3,4}.

Note that C' is a v4-set of order 4 in G. We claim that G is finitely 'y;'—edge
critical.

By symmetry, there are three edges to consider: 13,2c¢, and 3b. We claim
that addition of any of these edges yields a distinguishable graph G* with 4 <
7a(G*) < o0.

Lemma 18 The graph G* is distinguishable.

It can be seen that N[1] # N[3] after the addition of the edge 13, and that
N[1] # N[v] and N[3] # Nv] for any v € K. Similarly, N[2] # N][c] and
NI[3] # NJb] after the other modifications. However, C' no longer serves as a
~vq-set under any of these modifications.

Note that vertex a is adjacent to all the vertices in G or G* and is therefore
not an element of any ~4-set.

Observation 19 Four vertices from K cannot distinguish G* since they do not
distinguish the vertices in K.

Lemma 20 One vertex from C and three vertices from K cannot distinguish

G*.

Proof. Let C; = {c1, k1, ka, ks} for some ¢; € C and k; € K. By construction,
vertex ¢ is adjacent to exactly four vertices from K in G, while in G* the vertex
c1 is adjacent to either four or five vertices in K. Thus, there are at least three
vertices in K which cannot be distinguished from a by C;. =

Lemma 21 Two vertices from C and two vertices from K cannot distinguish
G*.

Proof. Let C5 = {c1,ca, k1, ke} for ¢; € C and k; € K. By construction, there
is at least one vertex v € K with v # a such that v is adjacent to both ¢; and
co. Therefore, v cannot be distinguished from a by Cs. m

Lemma 22 Three vertices from C and one vertex from K cannot distinguish
G*.

Proof. Let C5 = {c1,ca,c3,k}. We consider two cases.

Suppose the edge 13 is added. If k is adjacent to 1, then C5 does not
distinguish between vertices 1 and a. If k is adjacent to 3, then C§ does not
distinguish between 3 and a. If k is adjacent to neither 1 nor 3, then k = f and
thus 1 and 3 are not distinguishable.

Now suppose either of the other two edges is added.

Suppose vertex 1 is switched with a vertex k € K to yield C3. If k is ¢, e,
or g then vertices 3 and a are not distinguishable by C3. Furthermore, if k is
b or d, then vertices 1 and f are not distinguishable. Finally, if k is vertex f,
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then vertices 2 and e are not distinguishable. Therefore, C§ # {2, 3,4, k} for
any k € K.

Similarly, it is straightforward to see that none of {1,3,4,k}, {1,2,4,k}, or
{1,2,3,k} can serve to distinguish G for any k € K. =

Therefore, the addition of any edge to G yields a distinguishable graph while
increasing the differentiating-domination number. This proves the following
proposition.

Proposition 23 The graph constructed in Construction 1 is finitely ’yj—edge—
critical.
3.5 v4;-ER-critical

Consider a graph G with 74(G) < oo but for which G — e is not distinguishable
for any e € E¢. Entringer and Gassman [2] called graphs with this property line-
critical point distinguishing. They showed that the only connected nontrivial
line-critical point distinguishing graph is the path on three points.

Theorem 24 (Entringer and Gassman [2]) A graph has v4(G) < oo and
v4(G —e) =00 for all e € E¢ if and only if it is the union of isolated ver-
tices and disjoint paths of length two.

Proposition 25 FEven cycles Co are finitely vq4-ER-critical for k > 3.

Proof. Deletion of any single edge from Coy yields Psr. By Theorem 2, if
k>3 then v4(Cox) =k <k +1=7i(Pa). =

3.6 ~v,-ER-critical

Removing an edge can cause the differentiating-domination number to decrease
from the infinite to a finite value.

Proposition 26 Odd cycles Cop41 are finitely v, -ER-critical for k > 3.
Proof. Deletion of any single edge from Cogy1 yields Pogy1. By Theorem

2, if k > 3 then 74(Copt1) =k +2>k+ 1 =v4(Pogt1). W

4 Open Questions

This is the first study of criticality with respect to differentiating-domination,
SO numerous open questions remain.

1. Construction 1 can be extended to yield a finitely 'yj{—edge—critical graph
G with 74(G) = k for each even k greater than or equal to 4. Does there
exist a finitely ’y;'—edge-critical graph which has a v4-set of odd order?
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2. The maximum cardinality of a minimal locating-dominating set in a graph
G is called the upper locating-domination number and is denoted I'r(G).
The upper differentiating-domination number of G, T'4(G), is the maxi-
mum cardinality of a minimal differentiating-dominating set in G. Con-
sider criticality for vz, I'y, and T'y.

3. Consider noncritical graphs, in which, say, any edge could be deleted with-
out changing the value of the parameter in question. Edge-deletion non-
criticality seems to be related to fault-tolerant networks. What would
noncriticality mean in terms of other graph alterations?

4. We define pseudocritical graphs to be graphs in which every deletion/addition
causes the parameter to change, but not necessarily in the same direction.
For example, the path of length 3, with v4(Ps) = 3, is vertex pseudocrit-
ical. Deletion of an end vertex causes 4 to decrease to 2 while deletion
of an interior vertex causes 74 to increase to co. Are there pseudocriti-
cal graphs for which the differentiation-domination number remains finite
after each alteration?

5. We define extracritical graphs to be graphs which remain critical after
modification. Suppose, for example, that G is 74-critical and G’ is the
result of a vertex deletion. The graph G is Type I extracritical if G’ is
also yg-critical. If G’ is not ~y4-critical but is, say, v4-ER-critical, then G
is Type II extracritical. If an extracritical graph G is m-critical for some
parameter 7, what is known about the modified graph G'?
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